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In this paper, a class of infinite-dimensional Lie algebras, called algebras of
ÄCartan type W *, over a field F of characteristic 0 is studied. These algebras are
 .derivations of the field F x , x , . . . , x . We prove that algebras of Cartan type1 2 n
ÄW * are simple. We also prove that any derivation on an algebra of this type with
one indeterminate is an inner derivation. Q 2000 Academic Press
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1. INTRODUCTION
w xLet F be a field of characteristic 0, and let F x , x , . . . , x be the1 2 n
algebra of polynomials with n indeterminates over F. Let
G s r s r , r , . . . , r r G 0 g Z, i s 1, . . . , n , 1.1 .  .  . 41 2 n i
and for each r g G and 1 F i F n set
›
r r r r1 2 n w xx › s x x . . . x g Der F x , x , . . . , x . .i 1 2 n 1 2 n› xi
Let A be the F-span of the elements x r› with the following producti
 w x.inherited from Der F x , x , . . . , x :1 2 n
r s y1 rqs y1 rqsx › , x › s s x x › y r x x › , 1.2 .i j i i j j j i
 .  .where s s s , s , . . . , s g G and r q s s r q s , r q s , . . . , r q s .1 2 n 1 1 2 2 n n
 .Then, A is an Lie algebra called an algebra of Cartan type W. This class
of simple Lie algebras first arose in the classification of pseudogroups.
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w xOsborn 1 has generalized these algebras to define a class of infinite-di-
w "1 "1 xmensional Lie algebras over B s F x , . . . , x , x , . . . , x , the general-1 iy1 i n
ized algebra of polynomials including the algebra of polynomials in
x , . . . , x , and the algebra of Laurent polynomials over F with i y 1i n
 4  4indeterminates x , . . . , x . Let J s i, i q 1, . . . , n . Note that B is the1 iy1
 4algebra of polynomials if J s 1, . . . , n and is the algebra of Laurent
 .polynomials if J s B. We change 1.1 to
G s r s r , r , . . . , r r g Z, r G 0, j g J . 51 2 n i j
 w x.  . rand Der F x , x , . . . , x to Der B . Let A be the F-span of x › ,1 2 n J i
 .  .r g G, with the product 1.2 . Then, A is an Lie algebra, and the classJ
of all the algebras of this type is called W *, since it contains the algebras
w xof Cartan type W. This type of algebras is simple 1, Theorem 2.2 and
w xbelongs to the class of generalized Witt algebras defined by Kawamoto 3 .
w xThe simple subalgebras of the algebras in this class are classified in 4 for
the cases where n F 2 and J s B.
In the present paper, we generalize the algebras of Cartan type further,
 .using F x , x , . . . , x , the algebra of rational functions with n indetermi-1 2 n
Änates rather than B. We call this class of algebras W *. In the next section,
Ä .using F x , x , . . . , x , we prove the simplicity of algebras of type W *.1 2 n
And then in Sections 3 and 4, we investigate the derivations of an
Äalgebra in the class W * with one indeterminate. Osborn proved that every
derivation of an algebra of type W * is the sum of an inner derivation and a
derivation which sends each homogeneous element into a scalar multiple
w xof itself 2, Theorem 3.27 . Our result in this case is that any derivation of
Äan algebra of type W * with one indeterminate is simply an inner derivation
Ä2. LIE ALGEBRAS OF TYPE W *
Ä  .Let n be a positive integer and let B s F x , x , . . . , x be the algebran 1 2 n
of rational functions with n indeterminates. Let › denote the usual partiali
Ä Äderivative with respect to x acting on B , i.e., ›r› x . We denote by Ai n i n
the set of all elements of the form
n fi
› , igiis1
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Ä . w xwhere f , g / 0 g F x , x , . . . , x . Then we can make A into ani i 1 2 n n
algebra by defining
f k f k k fi j i j j i
› , › s › › y › ›i j i j j i / /g h g h h gi j i j j i
and extending by linearity. The Jacobi identity follows because these
 .operators are derivations of F x , . . . , x .1 n
Ä ÄThe class of all algebras of the form A will be called W *. Obviously, ann
algebra of type W *, a generalization of W which is the algebra of one of
ÄCartan types, is contained in an algebra of type W *. We begin the proof
now.
Ä nLEMMA 1. Any nonzero ideal of A contains a nonzero element  h › ,n is1 i i
w xfor some h g F x , x , . . . , x .i 1 2 n
Ä Ä ÄProof. Suppose I is a nonzero ideal of A . Then I must contain an n n
n  .nonzero element, say z s  f rg › . Without loss of generality, setis1 i i i
g s 1 if f s 0, and assume that the least common multiple of f and gi i i i
w xover F x , x , . . . , x is in F if f / 0. Choose j such that f / 0. Then,1 2 n i j
n n n nf fi i2 2 2z , g › s › g › y g › ›   k j i k j k j i 5 /  /g gks1 ks1 ks1i iis1
n fi 2 2 2s 2 g › g g q g › g › .  i i i k i i k j / 5 g k/i k/iiis1
n › f g y › g f .  .j i i j i i2y g › k i2 5gks1 i
n
2 2s f 2› g g q g › g › .  i i i k i i k j / 5
k/i k/iis1
y g 2 › f g y › g f › .  . 4 k j i i j i i i 5
k/i
n
2 2s f 2› g g q g › g .  i i i k i i k / 5
k/i k/iis1
y g 2 › f g y › g f › . 4 . k j j j j j j j5
k/j
n
2 Äy g › f g y › g f › g I . 2.1 .  .  . 4  k j i i j i i i n
k/ii/j
WOO JEON538
 .If 2.1 is nonzero, Lemma 1 is proved. If it is zero, let us consider the case
 .  .  .where n G 2. Note that › f g y › g f s 0, for any i / j . So,j i i j i i
nx f f x f x f fj j i j j j j i
z , › s › › y › ›j i j j i 5 / /g g g g gj i j j iis1
n f f f x f fi j i j j is › x q x › › y › › . i j j j j j i 5 5 /  /g g g g gi j i j iis1
f f f x f fj j j j j js q x › › y › ›j j j j j 5 /  /g g g g gj j j j j
f 2j Äs › g I .j n2gj
Since n G 2, choose any l different from j. Then,
2 2 2f f fj j j3 3 3› , g › s › g › y g › › .j j l j j l j l j2 2 2 /g g gj j j
f 2 f fj j j2 3s 3g › g › y g 2 › › .j j j l j l j2  /g gg j jj
2 Äs 3 f › g › g I . 2.2 .  .j j j l n
 .If 2.2 is nonzero, the lemma is proved. If it is zero, we have to consider
 .the case where › g s 0. Note that we are still considering the casej j
 .  .  .› f g y › g f s 0, for any i / j . So,j i i j i i
n1 f fi iym ymz , › s › x › y x › › .j i j j j j im  5 /x g gj i iis1
f fj jym yms › x y x › › .j j j j j 5 /g gj j
mf › f .j j js y y t › jmmq1 5x gx g j jj j
mf q x › f .j j j j Äs y › g I , 2.3 .j nmq1x gj j
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 .for any integer m. If 2.3 is nonzero, this lemma is proved by the following
 .  .calculation: let a rb › denote the result 2.3 . Then,j j j
a a aj j j2 2 2› , b › s › b › y b › › .j j l j j l j l j /b b bj j j
s 2 a › b › q ??? › / 0, . .j j j l j
since
› b s m q 1 x mg / 0. . .j j j j
 .If 2.3 is zero, then
ymf s x › f 2.4 . .j j j j
for any m, a contradiction by the following reason: let us denote f sj
r s w x  . x h , where h g F x , . . . , x , x , . . . , x and h / 0. Then 2.4ss0 j s s 1 jy1 jq1 n r
implies
r
sy1x › f s sx h . j j j j s
ss1
r
ss ym x h , j s
ss0
which implies, for any m,
sh s ymh , s s 1, . . . , rs sy1
and
0 s ymf .r
Therefore,
h s 0, ;s s 0, . . . , r ,s
which implies f s 0. But we chose j so that f / 0. So, this lemma isj j
proved, except the case where n s 1. For that case, choose a nonzero
Ä .element frg › g I . Then,1
f f › f g y f› g .  .
t ty1 t› , g› s tg › g y g › . t 5g g g
s tfg ty2› g y › f g ty1 q f› g g ty2 › 4 .  .  .
ty2 Äs g t q 1 f› g y › f g › g I , 2.5 4 .  .  .  .1
 .for any t. If 2.5 is nonzero the lemma is proved, and if it is zero we use
the following argument: let f s  p c x i and g s q d x j with c / 0is0 i js0 i p
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 ./ d . Since 2.5 is zero for any t, we haveq
t q 1 f› g s › f g , .  .  .
which implies
p q p q
i jy1 iy1 jt q 1 c x jd x s ic x d x , .    i j i j /  / /  /
is0 js1 is1 js0
which implies
t q 1 c qd s pc d . p q p q
for any t; that is,
tq s p y q ,
since c / 0 / d . Therefore p s 0 s q, which implies frg g F.p q
Lemma 1 can also be proved using  n g m› for m G 2. We can nowks1 k j
establish
ÄTHEOREM 1. A is a simple Lie algebra.n
Proof. The previous lemma shows that there is a nonzero element,
n Äw x h › , for some h g F x , x , . . . , x in any nonzero ideal of A , sayis1 i i i 1 2 n n
Ä w x  4I. Note that A is simple from Theorem 2.2 in 1 . Set J s 1, 2, . . . , n .J
n Ä ÄThen, since  h › is in I l A , I l A is a nonzero ideal of A , whichis1 i i J J J
Ä Äimplies that I > A . In particular, I includes the simplest elements, › ,J i
i s 1, 2, . . . , n, which are in A . Now choose an arbitrary elementJ
n Ä Ä . f rg › g A . To show that A is simple, it is enough to show thatis1 i i i n n
 .f rg › is in the ideal for each i. Since › is in the ideal, it is easy to showi i i i
that x › is in the ideal. Then the theorem is concluded by the followingi i
calculation:
1 f fi i
› , x › y x › , ›i i i i i i 52 g gi i
1 › x f g y x f › g › f g y f › g f .  .  .  .i i i i i i i i i i i i i i is y x q ›i i2 2 52 gg g ii i
1 f g q x › f g y x f › g y x › f g q x f › g q f g .  .  .  .i i i i i i i i i i i i i i i i i i i is › i22 gi
1 f g q f gi i i is › i22 gi
fis › .igi
ÄThe algebras of the classes W *, W *, and W are, therefore, all simple.
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Ä3. DERIVATIONS OF LIE ALGEBRAS OF TYPE W *
ÄIn this section, we investigate the derivations of an algebra of type W *
with one indeterminate. Let E be a derivation of an algebra of type W *,
 .and we write E g Der W * . After restating a definition and a theorem of
w x  .E from 2 , we will consider some important properties of E g Der W * .
DEFINITION 1. Let L g W *. If d: G “ F is an additive map where G
 .  r .  . ris defined in 1.1 and F is the field, then E x x › s d r x x › defines ai i i i
derivation of L. We call any derivation which arises in this way a scalar
deri¤ation.
 .THEOREM 2 2, Theorem 3.2 . If L g W *, then e¤ery deri¤ation of L is
the sum of an inner deri¤ation and a scalar deri¤ation.
 .  . iLEMMA 2. Suppose E g Der W * and E x› s a x› s f › . Theni 1
a s 0.1
Proof. We assume that a / 0, and we will derive a contradiction. Set1
  .. i  .z s  a r 1 y i x . Then E y ad g Der W * . Let us denote it byi/1 i z›
E . Then0
E x› s E y ad x› .  .  .0 z›
aii iw xs a x› y x› , x› i 1 y ii/1
aii is a x› y 1 y i x› . i 1 y ii/1
s a x› .1
 n . w "1 xLet E x › s h › for some h g F x , n g Z. If we apply E on both0 n n 0
sides of
w n x nx› , x › s n y 1 x › , 3.1 .  .
then we have
n n nE x› , x › q x› , E x › s n y 1 E x › ; .  .  .  .0 0 0
n w xa x› , x › q x› , h › s n y 1 h › ; .1 n n
3.2 .
a n y 1 x n q › h x y h s n y 1 h ; .  .  .1 n n n
a n y 1 x n s nh y x› h . .  .1 n n
i  .  . iIf we set h s b x , the right-hand side of Eq. 3.2 becomes  n y i b x .n i i
 .Thus, there is only one i which makes Eq. 3.2 possible, and it has to be n.
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 . nHence we have a n y 1 x s 0 for any n g Z, which leads to a contra-1
diction.
i w "1 xLEMMA 3. For any h s b x g F x with b s 0, there exists ani 1
w "1 x  .inner deri¤ation ad with z g F x such that ad x› s h› .z› z›
Proof. If we set
bi iz s x , 1 y ii/1
ad maps x› to h› as desired.z›
The following lemma is very simple, but it is useful.
w "1 x  .LEMMA 4. If f g F x such that x› f is a constant multiple of f , then
f is a monomial.
i  .Proof. Let f s a x and cf s x› f for a , c g F. Then, for all i,i i
ca x i s ica x i. If f s 0, we are done. If f / 0, there is m such thati i
a / 0. Thus, c s m. But since c is fixed, we have only one such m, andm
this proves the lemma.
<  .  .Note that if f x› f then f is also a monomial, since f and x› f have
the same degree.
Ä Ä Ä Ä .We write E g Der W * if E is a derivation of an algebra of type W *,
which is a generalization of W *. We consider the case of one indetermi-
nate. Let us set
fnnÄE x › s a › s › . n gn
 . w x  ..  .for all integers n, where f , g / 0 g F x a g F x and f , g g Fn n n n n
  .note that f , g means the greatest common divisor of f and g overn n n n
w x.F x . Without loss of generality, we set g s 1 if g g F. If g is an n n
w "1 xmonomial, we also set g s 1 and put f g F x . Now, we prove then n
following.
Ä Ä Ä i .  .LEMMA 5. Suppose E g Der W * and E x› s a › s a x› i.e. a g1 i 1
w "1 xF x . Then
Ä<  .1. E g Der W * .W *
2. a s 0.1
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Proof. For the first part, we use the inner derivation defined in Lemma
3. Let
ai iz s x . 1 y ii/1
Ä Ä .  .Then, not only ad g Der W * , but also ad g Der W * . Thus, E y adz› z› z›
Ä Ä .g Der W * , and we denote it by E . Then, we derive0
Ä ÄE x› s E y ad x› .  . .0 z›
aii iw xs a x› y x› , x› i 1 y ii/1
aii is a x› y 1 y i x› . i 1 y ii/1
s a x› .1
Now let
hnnÄE x › s › .0 kn
 . w x  .for all integers n, where h , k / 0 g F x and h , k g F, and applyn n n n
Ä  .E on Eq. 3.10
w n x nx› , x › s n y 1 x › . .
Then, we derive
n n nÄ Ä ÄE x› , x › q x› , E x › s n y 1 E x › ; .  .  .  .0 0 0
h hn nna x› , x › q x› , › s n y 1 › ; .1 k kn n
h hn nna n y 1 x s n y x› ; .1  /k kn n
3.3 .
nh k y x› h k y xh › k .  .n n n n n nna n y 1 x s . .1 2kn
Ä w x. <  .If k is a monomial in F x , E g Der W * . Assume that k is not aW *n 0 n
 . 2monomial. Then, since the left-hand side of Eq. 3.3 is a monomial, kn
 .has to divide the numerator of the right-hand side of Eq. 3.3 . In
<  .particular, k divides the numerator, which forces k xh › k . But, sincen n n n
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 . <  .h , k g F, k x› k . Then by Lemma 4, k is a monomial, a contradic-n n n n n
Ä Ä<  . <  .tion. Therefore, E g Der W * , which leads to E g Der W * . AndW * W *0
Ä Ä<  . <  .since E g Der W * and E x› s a x› , by Lemma 2, a s 0,W * W *0 0 1 1
which proves the second part.
In the case of one indeterminate, a scalar derivation maps x› to 0› . We
investigate further derivations with this property.
 .  .  n .LEMMA 6. Suppose E g Der W * such that E x› s 0› and set E x ›
s f › . Then f is a monomial for all n g Z. In particular, f is a constantn n n
multiple of x n.
 .Proof. If we apply E on both sides of Eq. 3.1 , then we have
n n nE x› , x › q x› , E x › s n y 1 E x › ; .  .  .  .
w xx› , f › s n y 1 f › ; .n n
x› f y f s n y 1 f ; .  .n n n
x› f s nf . .n n
Therefore, by Lemma 4, we can conclude that f is a monomial, which is an
nconstant multiple of x .
 .  .  n .LEMMA 7. Suppose E g Der W * such that E x› s 0› . Then E x ›
 . ns c n y 1 x › for any n g Z, with a fixed constant c.
 n . lnProof. From the result of Lemma 6, we can set E x › s c x › , withn
c g F and l g Z. If we apply E on both sides of the equation,n n
w n m x mq ny1x › , x › s m y n x › , .
then we have
n m n m mqny1E x › , x › q x › , E x › s m y n E x › ; .  .  .  .
l m n l ln m mqny1c x › , x › q x › , c x › s m y n c x › ; .n m mqny1
so we can derive that
c m y l x lnqm y1 q c l y n x nq lmy1 s c m y n x lmq ny1 . .  .  .n n m m mqny1
3.4 .
Let us try n s 1. Since c s 0, we haven
c l y 1 x lm s c m y 1 x lm . .  .m m m
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Thus, if c / 0 and m / 1, then l s m. Hence, we derive thatm m
E x n› s c x n› . . n
 .Now, let us apply the result to Eq. 3.4 :
c m y n x nqmy1 q c m y n x nqmy1 s c m y n x mq ny1 . .  .  .n m mqny1
This implies that
c q c s c 3.5 .n m nqmy1
 .when n / m. If we set m s 2 in Eq. 3.5 , we have
c q c s c s cn 2 nq2y1 nq1
with n / 2. This implies that
c s c q c 3.6 .n ny1 2
 .with n / 3. If we set m s 0 in Eq. 3.5 , we have
c q c s c s c 3.7 .n 0 nq0y1 ny1
 .  .with n / 0. Thus, with 3.6 and 3.7 we derive that
c s yc .0 2
 .  .If we apply m s 3 y n / n to Eq. 3.5 , we have
c q c s c s c .n 3yn nq3yny1 2
Thus, if we set n s 3 in the equation, we derive that c s 2c , and,3 2
 .therefore, we derive that c s n y 1 c . We have established the lemman 2
with c s c to complete the proof.2
Recall that a derivation from Lemma 7 is called a scalar deri¤ation of
ÄW *. Now we have the following result on the extendability of E to E.
PROPOSITION 1. Let E be one of the nonzero scalar deri¤ations from
Ä .Lemma 7. Then, E cannot be extended to Der W * .
Ä Ä .Proof. Assume that it is possible and let E g Der W * be an extension
Ä Ä<of E, i.e., E s E. Let us apply E on both sides ofW *
1 2
› , 1 q x › s › . .
1 q x 1 q x
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Then, we have
1 1 1Ä Ä ÄE › , 1 q x › q › , E 1 q x › s 2 E › . .  . . /  /1 q x 1 q x 1 q x
3.8 .
Ä . .  . .Note that E 1 q x › s E 1 q x › s yc› with a nonzero c g F. Thus,
if we let
1 hÄE › s › /1 q x k
 . w x  .  .with h, k / 0 g F x such that h, k g F, then Eq. 3.8 becomes
h 1 h
› , 1 q x › q › , yc› s 2 › ; .
k 1 q x k
h › h k y h› k c h .  .
y 1 q x y s 2 ; . 2 2k kk 1 q x .
3.9 .
c hk q 1 q x › h k y 1 q x h› k .  .  .  .
y s ;2 2k1 q x .
22yck s 1 q x hk q 1 q x › h k y 1 q x h› k . 4 .  .  .  .  .
 . i w xIf we let k s 1 q x l for a nonnegative integer i and l g F x with
 .  .1 q x ƒ l, then Eq. 3.9 becomes
2 i 2 i iq12yc 1 q x l s 1 q x 1 y i 1 q x hl q 1 q x › h l .  .  .  .  .  .
iq1y 1 q x h› l ; .  . 4
i 22yc 1 q x l s 1 q x 1 y i hl q 1 q x › h l y 1 q x h› l . 4 .  .  .  .  .  .  .
3.10 .
 .Thus, i G 2, so 1 q x ƒ h. If i ) 2, 1 q x should divide the second factor
 .  . < .on the right-hand side of Eq. 3.10 , which implies that 1 q x 1 y i hl, a
 .contradiction. Hence i s 2 and Eq. 3.10 becomes
ycl 2 s yhl q 1 q x › h l y 1 q x h› l . 3.11 .  .  .  .  .
CARTAN ALGEBRAS TYPE W 547
 .  .   . . <  .This implies that l N 1 q x h› l , and since l, 1 q x h g F, l › l , which
leads to l g F. Thus, we can set l s 1, and then we have
2k s 1 q x . .
 .And from Eq. 3.11 , we can get
h y 1 q x › h y c s 0. 3.12 .  .  .
Ä .Note that 1 q x ƒ h. Now, let us apply E on both sides of
1 2
› , 1 q x › s 3› . .
1 q x
Then, we have
h 12 2› , 1 q x › q › , yc q cx › s y3c› ; .  .2 1 q x1 q x .
2h › h 1 q x y 2h 2cx 1 .  .
2y q q c x y 1 s y3c ; . 21 q x 1 q x 1 q x 1 q x .
4h y › h 1 q x q 2cx q c x y 1 s y3c 1 q x ; .  .  .  .
4h y 1 q x › h q 6cx q 2c s 0. .  .
 .  .If we subtract Eq. 3.12 from 3.13 , we have
3h q 6cx q 3c s 0, 3.13 .
or
h s y2cx y c. 3.14 .
ÄThen, we use these results for h and k after we apply E on both sides of
1 4 3
› , 1 q x › s 5 1 q x › . .  .
1 q x
Ä 4 Ä 2 3 4 2 . .  . Note that E 1 q x s E 1 q 4 x q 6 x q 4 x q x s c y1 q 6 x q
3 4 Ä 2 Ä 2 2.  . .  .  .8 x q 3 x and E 1 q x s E 1 q 2 x q x s c y1 q x . Thus, we
have
y2cx y c 14 2 3 4› , 1 q x › q › , c y1 q 6 x q 8 x q 3 x › .  .2 1 q x1 q x .
s c y1 q x 2 › ; .
24 y2 x y 1 1 q x q 2 1 q x q 2 y2 x y 1 1 q x .  .  .  .  .
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12 x q 24 x 2 q 12 x 3
q
1 q x
y1 q 6 x 2 q 8 x 3 q 3 x 4
2q q 1 y x s 0; .21 q x .
1 q x y8 x y 4 q 2 q 2 x y 4 x y 2 q 12 x q 1 y x .  .
y1 q 6 x 2 q 8 x 3 q 3 x 4
q s 0;21 q x .
y1 q 6 x 2 q 8 x 3 q x 4
1 q x x y 3 q s 0, .  . 21 q x .
Ä .a contradiction. Thus, there is no image for 1r 1 q x under E, and,
therefore, the proposition is proved.
 .  .  .COROLLARY 1. 1. If E x› g Der W * such that E x› s 0› , then E
is a scalar deri¤ation.
Ä Ä Ä Ä .  .  .2. If E x› g Der W * such that E x› s 0› , then E s 0.
Proof. The first part is a restatement of Lemma 7. For the second part,
Ä Ä<  .suppose that E / 0. We know that E g Der W * from Lemma 5. Thus,W *
Ä Ä Ä<  .we derive that E has a nonzero extension E on Der W * , andW *
Ä<  .E x› s 0› , which leads to a contradiction by Proposition 1.W *
Ä Ä Ä Ä Ä .  .  .COROLLARY 2. Suppose that E , E g Der W * . If E x› s E x› ,1 2 1 2
Ä Äthen E s E .1 2
Ä Ä Ä Ä Ä .  . .Proof. Since E y E g Der W * and E y E x› s 0, the corollary1 2 1 2
is proved by the second part of Corollary 1.
Ä .COROLLARY 3. If a deri¤ation of W * has an extension to Der W * , that
extension is unique.
Ä Ä .Proof. Suppose that E g Der W * has two extensions, E and E , to1 2
Ä Ä Ä .  .  .  ..Der W * . Then E x› s E x› s E x› . Therefore, by Corollary 2,1 2
Ä ÄE s E .1 2
Ä Ä .Now we establish a result on a special E g Der W * .
Ä Ä Ä .  .PROPOSITION 2. Suppose that E g Der W * with E x› s a › , where1
"1 Äw xa g F x . Then E is an inner deri¤ation.1
Ä Ä<  .  < . .Proof. By Lemma 5, E g Der W * and E y ad x› s 0 forW * W * z›
"1 Ä Ä Äw x  .  .some z g F x . This implies that E and ad g Der W * with E x› sz›
Ä .ad x› . Therefore, by Corollary 2, E s ad .z› z›
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4. THE GENERAL CASE
To finish the rest of the case with one indeterminate, let us suppose that
Ä Ä .E g Der W * , and let
fÄE x› s › , .
g
 . w x  .where f , g / 0 g F x , and f , g g F. Without loss of generality, let us
"1 Äw xassume that frg f F x and x ƒ g, since it is proved that E is an inner
derivation if frg is a Laurent polynomial in the previous section. Let
r
t ig s l , 4.1 . i
is1
where l 's are distinct irreducible polynomials and t is a positive integeri i
Ä Äfor each i. Now suppose that E is an inner derivation, say E s ad . Leta›
 . w x  .a s hrk with h, k / 0 g F x and h, k g F. Then, we have
h f
› , x› s › ;
k g
h › h k y h› k f .  .
y x s ; 4.2 .2k gk
g hk y x› h k q xh› k s fk 2 , 4 .  .
or
hkg y x› h kg q xh› k g y fk 2 s 0. 4.3 .  .  .
From these equations, we derive that
< 2g fk .
 .But since f , g g F, we actually have
g N k 2 .
This implies that if an irreducible polynomial divides g, it also divides k,
and this means that no irreducible factor of g can divide h. Using this, we
can establish
ÄLEMMA 8. If there exists i such that t s 1, then E is not an inneri
deri¤ation.
ÄProof. Let us assume that E is an inner derivation such that t s 1 fori
some i, and set l s l. Then we havei
g s la,
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w xwhere a g F x with l ƒ a, and we let
k s l sb ,
w xwhere s is a positive integer and b g F x such that l ƒ b. If we set
Ä  .E s ad , then by Eq. 4.2 we havea›
la hl sb y x› h l sb q sxh› l l sy1b q xhl s› b s fl 2 sb s , 4 .  .  .
or
a hlb y x› h lb q sxh› l b q xhl› b s fl sb2 . 4 .  .  .
Hence,
<l sxh› l ab. .
This leads to a contradiction, since s ) 0 and l is an irreducible polyno-
mial which does not divide any of the factors on the right-hand side in
.particular, l / x by the hypothesis , and this completes the proof.
Now, we have the following proposition.
Ä Ä .  .PROPOSITION 3. Suppose E g Der W * with g as in Eq. 4.1 , with x ƒ g.
ÄThen, E is an inner deri¤ation if and only if for all i, t G 2, andi
f s A h y x› h q Bh 4.4 .  . .
w xfor some h g F x , where
r




B s t y 1 x› l l . .  . i i j
j/iis1
ÄProof. Suppose that E is an inner derivation, ad . Choose an ih r k .›
 .and set l s l / x and t s t. Then, we havei i
g s l ta, 4.5 .
w xwhere a g F x with l ƒ a, and set
k s l sb , 4.6 .
 .as in Lemma 8. Then Eq. 4.2 becomes
l ta hl sb y x› h l sb q sxh› l l sy1b q xhl s› b s fl 2 sb2 , 4 .  .  .
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or
l ty1a hlb y x› h lb q sxh› l b q xhl› b s fl sb2 . 4.7 4 .  .  .  .
Suppose that s G t. If we multiply both sides of the equation by l1y t, we
have
a hlb y x› h lb q sxh› l b q xhl› b s fl sy tq1b2 . 4 .  .  .
Then, since t y 1 - t F s, i.e., s y t q 1 ) 0, we derive that
l N sxh› l ab, .
a contradiction, since this implies that l s x. Thus, s - t. Multiplying both
 . yssides of Eq. 4.7 by l we obtain
l tysy1a hlb y x› h lb q sxh› l b q xhl› b s fb2 . 4 .  .  .
< 2Note that if t y s y 1 ) 0, then we have l fb , a contradiction. Thus,
t y s y 1 F 0, i.e., t F s q 1. Then, since s - t, we derive that t s s q 1,
i.e.,
s s t y 1. 4.8 .
 .Hence, from Eq. 4.6 , we derive that
r
t y1ik s l c, 4.9 . i
is1
 .where g, c g F. Conversely, let l be an irreducible polynomial dividing k
and set
k s l sb
 . t  .  .as in 4.6 . If we set g s l a as in 4.5 , we derive 4.7 . Thus we conclude
<that t s s q 1. But this implies that k g. Thus c g F, and if we substitute
 .  .  .for g and k in Eq. 4.3 , using Eqs. 4.1 and 4.9 with c s 1, then we have
r r r r
2 t y1 2 t y1 t y1 ti i i ih l y x› h l q xh› l l .   i i i i /is1 is1 is1 is1
r
2 t y2iy f l s 0; I
is1
r r
t y1 t y1i ih l y x› h l . i i
is1 is1
r r r
t y2 t y1 t y2i j iq xh t y 1 l › l l y f l s 0. .  .  i i i j i /j/i is1is1
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Multiplying both sides by  r lyt iq2 yieldsis1 i
r r r
t y2 t y1i jh y x› h l q xh t y 1 l › l l .  .  . .   i i i i j /is1 j/iis1
r
yt q2i= l s f ; i
is1
r r r r
t y2jh y x› h l q xh t y 1 › l l l 4.10 .  .  .  . .    i i i j j /is1 js1 j/iis1
r
yt q2i= l s f ; i
is1
r r r
h y x› h l q xh t y 1 › l l s f . .  .  . .   i i i j /is1 j/iis1
 .Hence, the necessary condition, 4.4 , is satisfied. Conversely, if we use h
 .  .and k satisfying Eq. 4.9 with c s 1 and 4.10 on ad , then theh r k .›
 .image of x› under this inner derivation is exactly frg › , which is the
Äimage under E, by the following computation:
h
ad x› s › , x› .h r k .› k
h › h k y h› k .  .
s › y x ›2k k
r r r
yt q1 yt q1 y2 t q21 1 1s h l y x› h l q xh l .  i i i
is1 is1 is1
r r
t y2 t y1i j= t y 1 l › l l › .  . i i i j 5
j/iis1
r r r
yt yt q21 1s l h y x› h l q xh l . .  i i i
is1 is1 is1
r r r





ÄTherefore, by Corollary 2, E is inner.
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Ä Ä .PROPOSITION 4. Suppose that E g Der W * such that
fÄE x› s › .
g
with x ƒ g and
r
tig s l i
is1
 .  .as in Eq. 4.1 . Then Eq. 4.4 in Proposition 3 holds.
Proof. Set
f0ÄE › s › .
g0
Ä . w x  .for f , g / 0 g F x with f , g g F. If we apply E on both sides of0 0 0 0
w x› , x› s › ,
then we have
Ä Ä ÄE › , x› q › , E x› s E › ; .  .  .
f f f0 0
› , x› q › , › s › ;
g g g0 0
4.11 .
f f f f0 0 0y x› q › s ; / /g g g g0 0 0
g 2 › f g y f› g s xg 2 › f g y f › g . .  .  .  . .  .0 0 0 0 0
 . tChoose an i and set l s l / x and t s t G 1. If we set g s l a andi i
g s l sb with nonzero polynomials a, b such that l ƒ a, b, and a nonnega-0
 .tive integer s, then from Eq. 4.11 , we have
l 2 sb2 › f l ta y f› l ta s xl 2 ta2 › f l sb y f › l sb ; .  .  .  . . . 0 0
l 2 sqty1b2 › f la y tfa y fl› a .  . .
4.12 .
s xl 2 tqsy1a2 › f lb y sf b y f l› b ; .  . .0 0 0
l sy tb2 › f la y tfa y fl› a s xa2 › f lb y sf b y f l› b . .  .  .  . .  .0 0 0
<Suppose that s - t. This implies that l tfa since t G 1, and this leads to a
 .contradiction. Now, let us assume that s ) t G 1 . Then, we have l ƒ f0
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 .  . <since f , g g F. But from Eq. 4.12 we have l sf b, a contradiction.0 0 0
<Thus, we derive that g g , and by a dual argument as in Proposition 3, we0
 .conclude that g s g . Then Eq. 4.11 becomes0
› f g y f› g s x › f g y f › g , .  .  .  . .0 0
or
g › f y x› f s f y xf › g . 4.13 .  .  .  .  . .0 0
This implies that A s  r l divides f y xf . Set Ah s f y xf for h gis1 i 0 0
w xF x , or
f s Ah q xf . 4.14 .0
 .  .  .  .  .If we substitute › f s › A h q A› h q f q x› f in Eq. 4.13 , then0 0
we have
g › A h q A› h q f s Ah› g . 4.15 .  .  .  . .0
Note that
r
t i› g s › l .  i /is1
r r
t y1 ti js t › l l l . i i i j
j/iis1
r r r
t y1is t › l l l .  i i j i
j/i is1is1
r r g
s t › l l . . i i j Aj/iis1
 .If we substitute this into Eq. 4.15 , then we have
r r
› A h q A› h q f s h t › l l . .  .  . 0 i i j
j/iis1
Thus, we have derived that
r r
f s h t y 1 › l l y A› h .  .  . 0 i i j
j/iis1
B
s h y A› h , .
x
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 . r  . r  .since › A s  › l  l . Then, from Eq. 4.14 , we derive thatis1 i j/ i j
f s Ah q xf0
s Ah q hB y xA› h .
s A h y x› h q Bh , 4.16 .  . .
as in Proposition 3. Finally, since
r r r
f s l h y x› h q h t y 1 x› l l , .  .  . .  i i i j
is1 j/iis1
if, for some i, t s 1, we have a contradiction. For, in this case, thei
right-hand side of the equation is divisible by l but f is not. This finishesi
the proof.
Now, we can prove the main theorem.
ÄTHEOREM 3. E¤ery deri¤ation of W * is inner.
Ä ÄProof. Suppose that E is a nonzero derivation of W * and let
fÄE x› s › .
g
 . w x  .for f , g / 0 g F x with f , g g F. Then, using partial fractions, we can
change frg to a sum of a Laurent polynomial and a fraction whose
denominator is not divisible by x. Then, by Proposition 2, without loss of
generality, we can assume that x ƒ g with one possible exception, which is
that
f
ÄE x› s cx q › , .  /g
 .  . where c / 0 g F and x ƒ g. Note that cx q frg s cxg q f rg and cxg
.q f , g g F. Thus, it satisfies the hypothesis of Proposition 4, and by
ÄProposition 3 and 4, E is an inner derivation.
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